
/ 

NOTcS  ON  THE THEORY 
OF  DYNAMIC   PhOGHAMMING—V 

MAXIMIZATION  OV^h  DISCRtTc: SLTb 

Hlcnard   Beliivin 

P-721   ^ 

he/leed   12 December  1955, 

,r,.       .   '  :     Ti  r.'   ^ 

DDC 

AJG 'J 7 1%4 

ETEITTJ 
DDCIRA    0 

ßMD -7^- K-H 1117 e*t/t**ucö* 
}TO0   MAIN   »I     •   SANTA   MONICA   •   CAU»OINIA 

10 



P-721 
8-lü- 
-1- 

bb 

Summary 

T.'.e  Lf.ecry  L!   dynamic  pre ^ramming  le  applied  to  a  claes 

uf  problems   Inv  IvlnK  maximization  „ver alscrete  sets.     The 

solution  Is  made  tu  depend  on   tne soiutl-n  of  a  class of 

fjnctl^nal  equations. 
■I j As 
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NOTLS ON  THt THEORY OP DYNAMIC  PROGRAMMING—IV 

MAXIMIZATION  uVER  DISCRETE ScTS 

Ol.     Intr^ducllc n 

A pr^t)l«m o!   frequent  Lccurrence  Is  lhat of determining 

tae maximum of   a   function P(xj,X2 x   )  subject   t^   the 

conetralnte 

(1) (a)     G^xi.x»,. .. ,xN)  <  Cj,   1-1,2,...,K 

(b)    x1   e S^ 

*:.ere S.   la a  discrete,   usually   finite,   set.     Trie most   Important 

case  Is  that wnere  each S.   Is a  finite  set cf  Integers,  and an 

Interesting  sub—cose  Is  that  where x.   ■ 0 or  1. 

A particular   class  cf  problems   cf  tale  type   concerns 

the maximization  of 

N 
(2) F(x)   =    2    F^x^, 

1=1 

over  the  set  of   x.   constrained  by   trie  relations 

N 
(3) (a)     i-     G. ,(x()   <  c. ,   1-1,2,...,K 

(b)     x1 r   Sj,   1-1.2 ,K, 

wlta  Gj t(x ,)   >  0  1   r x , 6   S ,. 
O \J 
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cven In the case where the P.   and G. .  are linear functions 

of  the x.,  this problem at the moment escapes any of the 

standard computational  algorltuns  of  linear programming,   such 

as   the  simplex method  of  0 Dantzlg. 

We shall  show that  this problem may  be  treated  by means 

of  the  functional  equation  technique of  the  theory of  dynamic 

programming,   [i] ,  and  that  this  technique  yields a  very  simple 

computational  scluflcn whenever the number of constraints  Is 

small. 

We shall  also  Indicate the application of the method 

to  a  problem lnvolvln£ mutually exclusive activities.     Here 

we  have an additional   constraint  of  tr.e  form 

(M) x1xul   -  0. 

§2.     Functional  Equation 

Let us define  the  sequence of functions 

N 
(1) fN(ci,ct, . . .,0  - Max    L    P-Cx.), 

N *        [xj   1-1    1    1 

where  tne x.   are  subject   to the  constraints cf  (1.3)•     Then 

(2) fi(ci,ca,... ,cK)   «Max    Pi(xi) 
x | 

wnere 

(3) (a)     OiiCx»)  <  Ci,...,  Qfcfxt)    1 cK, 

(b)     x,  € Si. 
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Applyln^  the principle of optlmallty,  we obtain the recurrence 

relation 

(^) fN(cl,Ca,...,cK)-Max   U^U^f^^c t-G^^),.. »^-O^U^ )] , 
XN 

where 

(5) (a)     0iN(x
N)<c»» • • • »^(XN^^K* 

(t)   xN e sN. 

§3«     Example 
N 

Conelder the problem of determining  the maximum of L^xj-Z a«x- 
n      1-1   1   1 

subject  to  the constraints 

N 
(i) (a)    I    b.x    < c, 

1-1    1  1 ~ 

(b)     Xj  - 0 or 1, 

where a.,b.   > 0. 

Here 

(2) fi(c)  - a,,  c  > bi, 

- 0,   c  <  b|, 

and 

(3) fN^C^   '      Plax        fäNXN>fN-l^C~bNXN^ '   c  ^  bN xN  - 0.1 

- fj^U)»   c  <   bN. 
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^4.    DiBcutBion 

Tht functions  fN(c) nay now bo computod with ease,  on 

either a digital or hand coaputer, depending upon the size of 

the system,  stsrtlng with the known vslue fi(c). 

To give an exanple, suppose that N • 50 and c - 200,  with 

the a.,  b.   Integers ranging between 1  and 10.    The naive 
^0 approach Involves  the testing of 2J    sets of values,   I.e., 

all possible combinations of accept or reject.    Since 2^    ■ 

1050(.50) m l0
i*-5t   thlB l8 a considerable task.    Conventional 

linear programming techniques fell because of the restriction 

that the x.   be Integral.    For the case where N • 50,  a roundoff 

of  the linear programming solution may cause considerable error. 

Using the above method, we must  compute 50 functions 

{fN(c),jsach containing 200 entries,   c  ■ 1,  2,  3,   ••*.     If 

the a.  and b.   are Irrational,  we may have to refine the c-grld 

In order not to Introduce round-off errors of Importance.    An 

Important point to note Is that doubling the size of N will 

double the computational time,  which Is to say that the time 

required for computing the solution in this fashion Is propor- 

tional to N,  rather than dependent upon N In some exponential 

fashion, as in ordinary search methods. 

In return for tne labor expended  in computing the sequence 

;fij(c),j   one has all  the advantages of a  "sensitivity analysis". 

It  is easy to  trace  the influence of  c  and N upon the maximum 

value and the behavior of tne maximizing xN - xN(c). 
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Let us now dlBcues  in more detail  the  remark we made In 

the Introduction stating  that this technique Is,  at the present tlae 

restricted to problems  Involving a small number of constraints. 

Consider a cargo-handling problem In which we have a 

number of Items possessing values v.,  weights w.   and sizes s. . 

We wish to maximize the value of the cargo carried,  subject 

to weight restriction w and a volume restriction s. 

The mathematical problem Is that of maximizing 

N 
(1) L(x)  -    Z    x.v   . 

1-1     1   1 

subject  to the restrictions 

N 
(2) (a)    L    x.w    < w, 

1-1     1  1 ~ 

N 
(b) I    x.s.   <  a 

1-1    1  1 ~ 

(c) x1 - 0, 1, 2,   ••• 

^eflnlng 

(3) fN(», s) - Max L(x), 

we readily obtain 

(^)      fi(«. s) - Vl Hin ( ^ ], L —J ), 

fk(w#  s)   - Max   Cvkxk ♦ f^iC« - »k
w

k»  ■ - x
k

8k^' 
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where R it the set 

(5)     xk - 0, 1, 2,   •••, Wn ( [ Jl], [ •] ). 

Taking the paranetere m.,  *.  and v. to be integers, «e «ill 

in general, be required to N functions of two variables, 

tabulated at the points of A grid w • 0, 1, 2, " *, V, 

s - 0, 1, 2, • • •, S. If V and S are of the order of aagnitude 

of 100, this requires 10 values. This is still within the 

capability of modem machines. 

It is clear, however, that one additional constraint of 

the ease type puts us in the 10 range. This exceeds the 

capability of any present day machine. 

If« on the other hand, there are a large nusber of con- 

straints, each with a small range, then the method is useful. 

§5. Kxample—Mutually Kxclusive Activities 

Consider the problem of the preceding section under the 

additional constraint 

(1) Vi+l " 0'    1 - 1. 2, ••, M - 1 

Define the sequence of functions 

N 
(2) f^c, b) - «ax Z a.x. n (xj i-1 1 1 

where the x*   are subject to the constraints 

(3) (a)    xn.  b - 0,        b - 0 or 1 

N 
(b)     Z    b.x.  < c. 

i-1    1 1 " 
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Th«n Mt havt the recurrence relation 

(*) f^C  b)  -      Max    [a^ ♦ f^Cc - b^; xN)] 
xH.0,l 

To determine the solution we auat compute the double sequence 

(fjjCc. 0), fN(c, 1){. 
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